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ABSTRACT
In this study somenewunbiased estimators based onorder statistics are
proposed for the scale parameter in some family of scale distributions.
These new estimators are suitable for the cases of complete (uncen-
sored) and symmetric doubly Type-II censored samples. Further, they
can be adapted to Type II right or Type II left censored samples. In addi-
tion, unbiased standarddeviationestimators of theproposedestimators
are also given.Moreover, unlike BLU estimators based onorder statistics,
expectation and variance-covariance of relevant order statistics are not
required in computing these new estimators.
Simulation studies are conducted to compare performances of the new
estimators with their counterpart BLU estimators for small sample sizes.
The simulation results show that most of the proposed estimators in
general performalmost as goodas the counterpart BLUestimators; even
someof themarebetter thanBLU in somecases. Furthermore, a real data
set is used to illustrate the new estimators and the results obtained par-
allel with those of BLUE methods.

1. Introduction

In this paper estimation of scale parameter σ for scale family of distributions is concerned.
A scale family is characterized with a distribution function F and its associated probability
density function f in the family that satisfy

F(x; σ ) = F0
( x
σ

)
and f (x; σ ) = 1

σ
f0
( x
σ

)
, (1)

where F0 and f0 are, respectively, the distribution and probability density functions that do
not depend on the scale parameter σ . The parameter σ need not be standard deviation. In
the presence of censored data, which is frequently the case in the area of reliability and life
testing, one alternative and useful method for estimation in family of scale distributions is to
use BLUE (Best Linear Unbiased Estimation) method based on order statistics.

BLUEmethod, however, needs expected values, variance-covariancematrix of order statis-
tics and its inverse. Thus, it is desirable to have estimation methods that do not require
such quantities. Recently, Ene and Karahasan (2016) proposed one such order statistics-based
method of estimation for estimating parameters of symmetric location-scale family.
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Let’s summarize BLU (Best Linear Unbiased) estimation method based on order statistics
for scale parameter σ . The notation of Balakrishnan and Cohen (1991) is adopted for the
presentation of this study. Let X1,X2, . . . ,Xn be a random sample from scale distribution
with parameter σ . The observations of sample are ordered and then doubly Type II censored
by taking the first r and last s ordered observations out of the sample,

Xr+1:n ≤ Xr+2:n ≤ · · · ≤ Xn−s:n, (2)

where Xi:n denotes ith order statistics in the sample of size n. By dividing order statistics in
Eq. (2) by σ, Zi:n = Xi:n/σ , the Type II censored sample of standardized Z’s is found as,

Zr+1:n ≤ Zr+2:n ≤ · · · ≤ Zn−s:n. (3)

where Zi:n denotes ith standardized order statistics. Lloyd (1952) applied generalized Gauss-
Markov theorem to the order statistics to obtain BLU estimators of location and scale param-
eters μ, σ (David and Nagaraja, 2003). With the notation of Balakrishnan and Cohen (1991),
the BLU estimator of σ and its variance are defined as

σ̂ =
(

α′β−1

α′β−1α

)
X =

n−s∑
i=r+1

aiXi:n Var(σ̂ ) = σ 2

α′β−1α
,

where α and β are the vector of expected values and matrix of variance-covariances for the
order statistics of Z′s in Eq. (3), respectively. Further, X is the vector of the order statistics in
(2) and ai′s are constants.

Balakrishnan andCohen (1991) andDavid andNagaraja (2003) give the review of the liter-
ature about BLUE. In order to simplify the computation of BLU estimators various approaches
have been proposed. These approaches can roughly be divided into three categories: those
based on using simplified or approximate variance-covariance matrix of order statistics, the
ones based on using weight function that depend on only distribution function and probabil-
ity density function of observations, and those based on using selected order statistics.

Gupta’s approach (1952) employs identity matrix I in place of variance-covariance matrix
β , while Bloom’s approach (1958, 1962) uses asymptotic approximations for the variances and
covariances of the order statistics. Differently from the previous approaches, Downton (1966)
proposes linear estimators with polynomial coefficients for location and scale parameters.
Bennett (1952) and Jung (1955, 1962) reach asymptotically optimal linear unbiased estima-
tors of location and scale parameters by making use of continuous weight functions. Because
of dependence of the weight functions on only pdf ’s and cdf ’s, expected values, variances,
and covariances of the order statistics are not necessary for this kind of approaches. Chan and
Cheng (1988), and Ogawa (1951, 1952) discuss selecting k out of n order statistics among all
nCk combinations of order statistics so as to obtain BLU or asymptotically BLU estimators of
location and scale based on selected order statistics (Balakrishnan and Cohen, 1991). Sarkadi
(1985) proves the positivity of BLU estimators associated with scale parameter for distribu-
tions with log-concave density functions (David and Nagaraja, 2003).

Some BLU approaches make use of spacing of ordered observations or quasi ranges
for the scale parameter of symmetric location scale family. Some of the works related to
these approaches are Balakrishnan and Papadatos (2002), Sajeevkumar and Thomas (2010),
Thomas (1990) and Sajeevkumar (2011). Further, there are some BLU estimation approaches
based on various sampling schemes other than simple random sampling such as ranked set
sampling, ordered ranked set sampling, etc. These include theworks of Sinha and Purkayastha
(1996), Tiwari and Kvam (2001), Hossain and Mutlak (2001), Zheng and Saleh (2003), Bal-
akrishnan and Li (2005), and Shadid et al. (2011).
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Since this paper deals with estimation in some scale family of distributions, let us review
briefly some of theworks onBLU estimation for some of these distributions. Balakrishnan and
Wong (1994) extend the results of Balakrishnan and Puthenpura (1986) on BLU estimators of
location scale parameters for half logistic distributions to singly and doubly Type II censored
samples. Adatia (1997) gives an approximate BLU estimator of the scale parameter of half-
logistic distribution based on a selected few order statistics.

While Dyer and Whisenand (1973) obtained the BLU estimator of scale parameter based
on Type II censored samples of small size for Rayleigh distribution, Adatia (1995) obtained
BLU estimators for moderately large censored samples. Akhter and Hırai (2009) compares
efficiency of estimator of Bloom’s (1958) with those of BLU and ML methods for the scale
parameter of Rayleigh distribution. As for the exponential distribution, it is easy to reach
BLU estimators in the cases of complete and censored samples for exponential distribution
because expected values, variances and covariances of order statistics have explicit forms. Bal-
akrishnan andCohen (1991) give tables necessary for the asymptotically BLU estimator based
on selected order statistics. Harter and Balakrishnan (1996) discuss the computation of accu-
rate tables needed for simplified estimators based on one or on two order statistics for one
parameter-exponential distribution.

By following essentially the ideas similar to those in the work of Ene andKarahasan (2016),
new unbiased estimators based on the order statistics are reached for some families of scale
distributions in the cases of uncensored and doubly Type II censored samples in this paper.
Simulations are conducted to compare performance of the proposed estimators with those of
BLU estimators.

The remainder of the paper proceeds as follows. The estimators proposed for some scale
families of distributions are given in Section 2. Simulation settings are described in Section 3,
and then the results of evaluations and comparisons from the simulation studies are presented.
Next, some of these new estimators are applied to a real data set in Section 4. Finally, some
discussions and concluding remarks are made in Section 5.

2. New estimators for some families of scale distributions

In this Section, two or three new unbiased estimators are proposed for each of the scale family
of distributions considered in this paper. These new estimators are based on order statistics
and can be computed for both uncensored and symmetrically doubly Type II censored sam-
ples. Further, they can be easily extended to Type II right or Type II left censored samples.
Since the rationale behind the estimators is from the work of Ene and Karahasan (2016), the
new estimators for scale parameter σ are called NE estimators.

The ideas leading to the new estimators are stated as follows. Let random variables
X1,X2, . . . ,Xn be a random sample from a scale distribution having probability function
f (x, σ ) with parameter σ. Assume that the sample is symmetrically doubly Type II censored
with the number of censored observations r and s equal on both side. In this case the sample
is expressed in terms of order statistics as follows.

Xr+1:n ≤ Xr+2:n ≤ · · · ≤ Xn−r :n

Let Zi = Xi/σ be standardized random variable corresponding to Xi. Thus, the random
variables Z1,Z2, . . . ,Zn can be regarded as a random sample from the distribution with prob-
ability density function f0(z), which is completely known, that is, free of scale parameter as
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indicated in Section 1.

f (xi; σ ) = 1
σ
f0
(xi

σ

)
= 1

σ
f0(zi),

In fact, it is not possible to realize the sample Z1,Z2, . . . ,Zn corresponding to the sample
X1,X2, . . . ,Xn because the value of parameter σ is not known.Nevertheless, a random sample
Z1,Z2, . . . ,Zn from the distribution with probability density function f0(z) can be obtained
via simulation due to the fact that the distribution does not depend on σ. Note that the sim-
ulated random sample Z1,Z2, . . . ,Zn is independent of the sample X1,X2, . . . ,Xn. Then, the
simulated random sample Z1,Z2, . . . ,Zn are ordered and symmetrically Type II censored as

Zr+1:n ≤ Zr+2:n ≤ · · · ≤ Zn−r :n

where Zi:n = Xi:n/σ , i = r + 1, . . . , n − r. Some of the new estimators that are introduced in
this paper use F0 (Zi:n) or some function of F0(Zi:n), i = r + 1, . . . , n − r as weights. In order
to determine the form of weights, a variety of functions of F0(Zi:n) are tried as weights by
simulations for a given family of distributions. Then, theweights that approximatelyminimize
standard error of these estimators are chosen as best. Empirical evidence obtained from the
simulations show that some function of F0(Zi:n) as weight will do the best for constructing
NE type estimators for the family of distribution in question. New estimators for the scale
distributions considered are as follows.

2.1. Half normal distribution

σ̂ne1 =
∑n−r

i=r+1 Xi:nZi:n + rXr+1:nZr+1:n + rXn−r:nZn−r:n∑n−r
i=r+1 Zi:n + rZr+1:n + rZn−r:n

σ̂ne2 =
∑n−r

i=r+1 Xi:nbi + rXr+1:nbr+1 + rXn−r:nbn−r∑n−r
i=r+1 Zi:nbi + rZr+1:nbr+1 + rZn−r:nbn−r

σ̂ne3 =
∑n−r

i=r+1 Xi:nbi + rXr+1:nbr+1 + rXn−r:nbn−r∑n−r
i=r+1 bi + rbr+1 + rbn−r

where the probability weights for σ̂ne2 and σ̂ne3 are defined as bi = F0(Zi:n) = P(Z ≤ Zi:n),
i = r + 1, . . . , n − r and Z is the random variable with probability density function f0(z)
of standard half normal distribution.

2.2. Half logistic distribution

σ̂ne1 =
∑n−r

i=r+1 Xi:nZi:n + rXr+1:nZr+1:n + rXn−r:nZn−r:n∑n−r
i=r+1 Zi:n + rZr+1:n + rZn−r:n

σ̂ne2 =
∑n−r

i=r+1 Xi:nbi + rXr+1:nbr+1 + rXn−r:nbn−r∑n−r
i=r+1 Zi:nbi + rZr+1:nbr+1 + rZn−r:nbn−r
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σ̂ne3 =
∑n−r

i=r+1 Xi:nbi + rXr+1:nbr+1 + rXn−r:nbn−r∑n−r
i=r+1 bi + rbr+1 + rbn−r

where the probability weights for the estimators σ̂ne2 and σ̂ne3 are defined as bi = 1.0 −
F0(Zi:n) = 1.0 − P(Z ≤ Zi:n), i = r + 1, . . . , n − r and Z is the random variable with proba-
bility density function f0(z) of standard half logistic distribution. Indeed, instead of using the
weights bi = 1.0 − F0 (Zi:n) for σ̂ne3, theweights b∗

i = exp[1.0 − F0 (Zi:n)], i = r + 1, . . . , n −
r can be used because both type weights give nearly identical standard error performances.

2.3. Log-weibull distribution

σ̂ne1 =
∑n−r

i=r+1 |Xi:n| bi + r |Xr+1:n| br+1 + r |Xn−r:n| bn−r∑n−r
i=r+1 |Zi:n| bi + r |Zr+1:n| br+1 + r |Zn−r:n| bn−r

σ̂ne2 =
∑n−r

i=r+1 |Xi:n| bi + r |Xr+1:n| br+1 + r |Xn−r:n| bn−r∑n−r
i=r+1 bi + rbr+1 + rbn−r

where the probability weights for σ̂ne1 and σ̂ne2 are defined as bi = F0 (Zi:n) = P(Z ≤ Zi:n),
i = r + 1, . . . , n − r and Z is the random variable with probability density function f0(z) of
standard log-Weibull distribution.

2.4. Normal distribution

σ̂ne1 =
∑n−r

i=r+1 |Xi:nZi:n| + r |Xr+1:nZr+1:n| + r |Xn−r:nZn−r:n|∑n−r
i=r+1 |Zi:n| + r |Zr+1:n| + r |Zn−r:n|

σ̂ne2 =
∑n−r

i=r+1 |Xi:n| bi + r |Xr+1:n| br+1 + r |Xn−r:n| bn−r∑n−r
i=r+1 |Zi:n| bi + r |Zr+1:n| br+1 + r |Zn−r:n| bn−r

σ̂ne3 =
∑n−r

i=r+1 |Xi:n| bi + r |Xr+1:n| br+1 + r |Xn−r:n| bn−r∑n−r
i=r+1 bi + rbr+1 + rbn−r

where the probability weights for σ̂ne2 and σ̂ne3 are defined as

bi =
{
P(Zi:n ≤ Z ≤ 0), Zi:n ≤ 0

P(0 ≤ Z < Zi:n), Zi:n > 0
i = r + 1, . . . , n − r,

and Z is the random variable with probability density function f0(z) of standard normal dis-
tribution.

2.5. Exponential distribution

σ̂ne1 =
∑n−r

i=r+1 Xi:nZi:n + rXr+1:nZr+1:n + rXn−r:nZn−r:n∑n−r
i=r+1 Zi:n + rZr+1:n + rZn−r:n
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σ̂ne2 =
∑n−r

i=r+1 Xi:n + rXr+1:n + rXn−r:n∑n−r
i=r+1 Zi:n + rZr+1:n + rZn−r:n

σ̂ne3 =
∑n−r

i=r+1 Xi:nbi + rXr+1:nbr+1 + rXn−r:nbn−r:∑n−r
i=r+1 bi + rbr+1 + rbn−r

where Z is the random variable with probability density function f0(z) of standard exponen-
tial distribution and weights for σ̂ne3 are defined as bi = exp [F0 (Zi:n)] = exp [P(Z ≤ Zi:n)],
i = r + 1, . . . , n − r. In fact, instead of using the weights bi = exp [F0 (Zi:n)], the follow-
ing weights b∗

i = F0 (Zi:n) , i = r + 1, . . . , n − r can be used because both type weights give
almost the same standard error performance. The estimator σ̂ne2 need not be expressed in
terms of order statistics for the case of uncensored samples.

2.6. Rayleigh distribution

σ̂ne1 =
∑n−r

i=r+1 Xi:nZi:n + rXr+1:nZr+1:n + rXn−r:nZn−r:n∑n−r
i=r+1 Zi:n + rZr+1:n + rZn−r:n

σ̂ne2 =
∑n−r

i=r+1 Xi:nbi + rXr+1:nbr+1 + rXn−r:nbn−r∑n−r
i=r+1 Zi:nbi + rZr+1:nbr+1 + rZn−r:nbn−r

σ̂ne3 =
∑n−r

i=r+1 Xi:nbi + rXr+1:nbr+1 + rXn−r:nbn−r∑n−r
i=r+1 bi + rbr+1 + rbn−r

where the probability weights for σ̂ne2 and σ̂ne3 are defined as bi = F0 (Zi:n) = P(Z ≤ Zi:n),
i = r + 1, . . . , n − r and Z is the random variable with probability density function f0(z) of
standard Rayleigh distribution.

2.7. Uniform distribution

σ̂ne1 =
∑n−r

i=r+1 Xi:nbi + rXr+1:nbr+1 + rXn−r:nbn−r∑n−r
i=r+1 Zi:nbi + rZr+1:nbr+1 + rZn−r:nbn−r

σ̂ne2 =
∑n−r

i=r+1 Xi:nbi + rXr+1:nbr+1 + rXn−r:nbn−r∑n−r
i=r+1 bi + rbr+1 + rbn−r

where the probability weights for σ̂ne1 and σ̂ne2 are defined as bi = F0(Zi:n)
50 = P(Z ≤ Zi:n)

50,
i = r + 1, . . . , n − r and Z is the random variable with probability density function f0(z) of
standard uniform distribution. The empirical evidence obtained from the simulations that is
not shown here suggests that as the exponent of F0 (Zi:n) increases, first the standard error
performance of NE estimator improves, and then it stabilizes around a value. Thus, exponent
50 is not a magic number; it is just large enough for σ̂ne1 and σ̂ne2 to show better performance.
For example, it might be taken as 30 or 40 which does not change the performance of NE
estimator substantially.
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Note that all the NE estimators that use the weights bi = F0 (Zi:n) or some function
of it can be reformulated by replacing F0 (Zi:n) with Ui:n, the ith order statistics of a ran-
dom sample size of n from uniform (0, 1) distribution. The reason for this is distributional
equivalence of F0 (Zi:n) and Ui:n due to the Probability Transformation. Such a reformula-
tion is useful in computation since it is not necessary to take numerical integration for cal-
culating F0 (Zi:n) for the distribution functions that cannot be expressed in a closed form;
all that is needed is to simulate the order statistics Ui:n, i = 1, 2, . . . , n. and use them as
weights.

All the estimators become suitable for uncensored samples when the censoring level is
taken to be zero, i.e., r = 0 in the formula of these estimators. Although the new estimators
are different in nature for some of these distributions, they are denoted as NE1, NE2 and
NE3 when three proposals are made, and as NE1, NE2 when only two proposals are made
for simplicity in notation. These new estimators are defined by using only a single doubly
Type II censored random sample Z1,Z2, . . . ,Zn simulated from the relative distribution with
probability density function f0(z). Some improvement can be achieved in these estimators
by simulating more than one such Z1,Z2, . . . ,Zn independent sample and computing esti-
mators from each sample, say k samples, and then taking average of these k estimators as in
Eq. (4).

σ̂ k
ne1 = ϕn,r

(∑k
j=1 σ̂ne1, j

k

)
σ̂ k
ne2 = φn,r

(∑k
j=1 σ̂ne2, j

k

)
σ̂ k
ne3 = τn,r

(∑k
j=1 σ̂ne3, j

k

)
(4)

where ϕn,r, φn,r and, τn,r are the constants that make the estimators σ̂ k
ne1, σ̂ k

ne2 and, σ̂ k
ne3 respec-

tively unbiased. In the simulations, it is observed that the constant changes only according
to distribution of population, sample size and censoring level. Tables 1–3 present values of
the constants computed from simulations of 50,000 repetitions. Moreover, σ̂ k

ne1, σ̂ k
ne2 and, σ̂ k

ne3
are not linear estimators due to either randomness of the weights bi’s or their involving cross
productions of the order statistics Xi:n and Zi:n.

Further, relevant estimators of standard deviations for the estimators σ̂ k
ne1, σ̂ k

ne2 and, σ̂ k
ne3

are proposed. These estimators are defined in the form of sample standard deviations of k

Table . The multiplying constants ϕn,r that make scale estimators σ̂k
ne1 unbiased for every value of k and

parameters.

half normal half logistic log-Weibull Normal Exponential Rayleigh Uniform

n=  r=  . . . . . . .
r=  . . . . . . .

n=  r=  . . . . . . .
r=  . . . . . . .
r=  . . . . . . .
r=  . . . . . . .

n=  r=  . . . . . . .
r=  . . . . . . .
r=  . . . . . . .
r=  . . . . . . .
r=  . . . . . . .

n=  r=  . . . . . . .
r=  . . . . . . .
r=  . . . . . . .
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Table . The multiplying constants φn,r that make scale estimators σ̂k
ne2 unbiased for every value of k and

parameters.

half normal half logistic Normal Exponential Rayleigh log-Weibull Uniform

n=  r=  . . . . . . .
r=  . . . . . . .

n=  r=  . . . . . . .
r=  . . . . . . .
r=  . . . . . . .
r=  . . . . . . .

n=  r=  . . . . . . .
r=  . . . . . . .
r=  . . . . . . .
r=  . . . . . . .
r=  . . . . . . .

n=  r=  . . . . . . .
r=  . . . . . . .
r=  . . . . . . .

estimators as in Eq. (5).

Sσ̂ k
ne1

= γn, rφn,r

√∑k
i=1

(
σ̂ne1,i − ¯̂σ ne1

)2
k − 1

S
σ̂ k
ne2

= κn,r φn,r

√∑k
i=1

(
σ̂ne2,i − ¯̂σ ne2

)2
k − 1

S
σ̂ k
ne3

= νn,r τn,r

√∑k
i=1

(
σ̂ne3,i − ¯̂σ ne3

)2
k − 1

(5)

Tables 4–6 display the values of the constants γn,r, κn,r and, vn,r which are determined by
simulations with 50,000 repetitions. These constants make these estimators unbiased and rely
on only population distribution, sample size and censoring degree in general. However, they
may also slightly decrease with large values of k, say 1,000, in some cases such as half logistic
and exponential distributions. Furthermore, it is important that the constants in Tables 2, 3,
5, and 6 be modified ifUi:n, i = 1, 2, . . . , n are used in computation of the estimators instead
of F0 (Zi:n) , i = 1, 2, . . . , n.

Table . The multiplying constants τn,r that make scale estimators σ̂k
ne3 unbiased for every value of k and

parameters.

half normal half logistic Normal Exponential Rayleigh

n=  r=  . . . . .
r=  . . . . .

n=  r=  . . . . .
r=  . . . . .
r=  . . . . .
r=  . . . . .

n=  r=  . . . . .
r=  . . . . .
r=  . . . . .
r=  . . . . .
r=  . . . . .

n=  r=  . . . . .
r=  . . . . .
r=  . . . . .
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Table . The multiplying constants γn,r that make the estimator Sσ̂k
ne1

unbiased for every value of k and
parameters∗.

half normal half logistic log-Weibull Normal Exponential Rayleigh Uniform

n=  r=  . . . . . . .
r=  . . . . . . .

n=  r=  . . . . . . .
r=  . . . . . . .
r=  . . . . . . .
r=  . . . . . . .

n=  r=  . . . . . . .
r=  . . . . . . .
r=  . . . . . . .
r=  . . . . . . .
r=  . . . . . . .

n=  r=  . . . . . . .
r=  . . . . . . .
r=  . . . . . . .

∗ The constants may decrease slightly for some distributions as values of k become larger.

Table . The multiplying constants κn,r that make the estimator Sσ̂k
ne2

unbiased for every value of k and
parameters∗.

half normal half logistic Normal Exponential Rayleigh log-Weibull Uniform

n=  r=  . . . . . . .
r=  . . . . . . .

n=  r=  . . . . . . .
r=  . . . . . . .
r=  . . . . . . .
r=  . . . . . . .

n=  r=  . . . . . . .
r=  . . . . . . .
r=  . . . . . . .
r=  . . . . . . .
r=  . . . . . . .

n=  r=  . . . . . . .
r=  . . . . . . .
r=  . . . . . . .

∗ The constants may decrease slightly for some distributions as values of k become larger.

Table . The multiplying constants νn,r that make the estimator Sσ̂k
ne3

unbiased for every value of k and
parameters∗.

half normal half logistic Normal Exponential Rayleigh

n=  r=  . . . . .
r=  . . . . .

n=  r=  . . . . .
r=  . . . . .
r=  . . . . .
r=  . . . . .

n=  r=  . . . . .
r=  . . . . .
r=  . . . . .
r=  . . . . .

n=  r=  . . . . .
r=  . . . . .
r=  . . . . .
r=  . . . . .



COMMUNICATIONS IN STATISTICS—SIMULATION AND COMPUTATION® 2889

Table . Expected values, standard deviations, absolute biases and rmse values and efficiencies associated
with BLU and NE estimators for half normal (σ = 3) distributed data with , repetitions.

n=  E(σ̂ ) σ
σ̂

|Bias(σ̂ )| RMSE(σ̂ ) EFF(σ̂ ) E(S
σ̂ k
ne

) | Bias(S
σ̂ k
ne
)| σ (S

σ̂ k
ne

)

r= 
BLUE . . . . .
NE . . . . . . . .
NE . . . . . . . .
NE . . . . . . . .

r= 
BLUE . . . . .
NE . . . . . . . .
NE . . . . . . . .
NE . . . . . . . .

EFF(RMSE(σ̂ ) denotes efficiency of estimators compared to BLU estimators.

3. Simulation study

The samples of size n = 5, 10, 15, 20 have been generated as either uncensored or sym-
metric doubly Type II censored with censoring degrees of r = 1, 2, 3 from half normal (3),
one-parameter half logistic (3), log-Weibull (0, 3), normal (0, 3), one-parameter exponential
(3), one-parameter Rayleigh (3) and uniform (0, 3) distributions with 50,000 repetitions. The
required vector of expected values and variance-covariance matrix of order statistics for BLU
estimation are obtained from Harter and Balakrishnan (1996) and by means of simulations
from relevant distributions with 1,000,000 repetitions. All the computations have been per-
formed through a computer program of Java codes specially developed for this study.

The estimation results for the half normal distribution are given in Tables 7–10; for the
half logistic distribution in Tables 11–14; for the log-Weibull distribution in Tables 15–18;
for the normal distribution in Tables 19–22; for the exponential distribution in Tables 23–26;
for the Rayleigh distribution in Tables 27–30, and for the uniform distribution in Tables 31–
34. In these tables NE1 indicates the estimator σ̂ k

ne1, NE2 the estimator σ̂ k
ne2 and, NE3 the

estimator σ̂ k
ne3. The tables give values of expectations, absolute biases, standard deviations,

Table . Expected values, standard deviations, absolute biases and rmse values and efficiencies associated
with BLU and NE estimators for half normal (σ = 3) distributed data with , repetitions.

n=  E(σ̂ ) σ
σ̂

|Bias(σ̂ )| RMSE(σ̂ ) EFF(σ̂ ) E(S
σ̂ k
ne

) | Bias(S
σ̂ k
ne
)| σ (S

σ̂ k
ne

)

r= 
BLUE . . . . .
NE . . . . . . . .
NE . . . . . . . .
NE . . . . . . . .

r= 
BLUE . . . . .
NE . . . . . . . .
NE . . . . . . . .
NE . . . . . . . .

r= 
BLUE . . . . .
NE . . . . . . . .
NE . . . . . . . .
NE . . . . . . . .

r= 
BLUE . . . . .
NE . . . . . . . .
NE . . . . . . . .
NE . . . . . . . .
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Table . Expected values, standard deviations, absolute biases, rmse values and efficiencies associatedwith
BLU and NE estimators for half normal (σ = 3) distributed data with , repetitions.

n=  E(σ̂ ) σ
σ̂

|Bias(σ̂ )| RMSE(σ̂ ) EFF(σ̂ ) E(S
σ̂ k
ne

) | Bias(S
σ̂ k
ne
)| σ (S

σ̂ k
ne

)

r= 
BLUE . . . . .
NE . . . . . . . .
NE . . . . . . . .
NE . . . . . . . .

r= 
BLUE . . . . .
NE . . . . . . . .
NE . . . . . . . .
NE . . . . . . . .

r= 
BLUE . . . . .
NE . . . . . . . .
NE . . . . . . . .
NE . . . . . . . .

r= 
BLUE . . . . .
NE . . . . . . . .
NE . . . . . . . .
NE . . . . . . . .

rmse’s (root mean square error) and, efficiencies with respect to BLU estimator computed in
simulations with 50,000 repetitions for the proposed estimators. In addition, the simulation
results associated with standard deviation estimators S

σ̂ k
ne1
, S

σ̂ k
ne2

and S
σ̂ k
ne3

of σ̂ k
ne1 σ̂ k

ne2, and,
σ̂ k
ne3, respectively, are displayed in these tables.
The results in these tables confirm that the new estimators σ̂ k

ne1, σ̂ k
ne2, and σ̂ k

ne3 proposed for
the relevant family of scale distributions and their standard deviation estimators S

σ̂ k
ne1
, S

σ̂ k
ne2

and, S
σ̂ k
ne3

are unbiased as expected. As for the standard deviation performances, the perfor-
mances associated with all or some of the estimators σ̂ k

ne1, σ̂ k
ne2 and, σ̂ k

ne3 are in general either

Table . Expected values, standard deviations, absolute biases, rmse values and efficiencies associated
with BLU and NE estimators for half normal (σ = 3) distributed data with , repetitions.

n=  E(σ̂ ) σ
σ̂

|Bias(σ̂ )| RMSE(σ̂ ) EFF(σ̂ ) E(S
σ̂ k
ne

) | Bias(S
σ̂ k
ne
)| σ (S

σ̂ k
ne

)

r= 
BLUE . . . . .
NE . . . . . . . .
NE . . . . . . . .
NE . . . . . . . .

r= 
BLUE . . . . .
NE . . . . . . . .
NE . . . . . . . .
NE . . . . . . . .

r= 
BLUE . . . . .
NE . . . . . . . .
NE . . . . . . . .
NE . . . . . . . .

r= 
BLUE . . . . .
NE . . . . . . . .
NE . . . . . . . .
NE . . . . . . . .
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Table . Expected values, standarddeviations, absolutebiases, rmse values andefficiencies associatedwith
BLU and NE estimators for half logistic (σ = 3) distributed data with , repetitions.

n=  E(σ̂ ) σ
σ̂

|Bias(σ̂ )| RMSE(σ̂ ) EFF(σ̂ ) E(S
σ̂ k
ne

) | Bias(S
σ̂ k
ne
)| σ (S

σ̂ k
ne

)

r= 
BLUE . . . . .
NE . . . . . . . .
NE . . . . . . . .
NE . . . . . . . .

r= 
BLUE . . . . .
NE . . . . . . . .
NE . . . . . . . .
NE . . . . . . . .

very close or nearly equivalent to that of BLU estimator. This can be seen from efficiencies
of these estimators compared to BLU estimators. Further, in some cases especially for the
case of normal distribution, some NE estimators show slightly better performance than BLU
estimators. The success of the estimators σ̂ k

ne1, σ̂ k
ne2 and, σ̂ k

ne3 is noticeable mostly for normal,
Rayleigh, exponential, half normal, half logistic distributions.

Moreover, sampling distributions of size 50,000 for the new estimators have been formed
and their normality testedmostly with tests of Anderson andDarling (1954). Also test of Ryan
and Joiner (1976) and Kolmogorov-Smirnov tests by Kolmogorov (1933) and Smirnov (1948)
are used for normality in some cases. It has been, however, seen that these sampling distri-
butions are not normal distributions. Only some power transformations of them in the range
of (0, 1) do seem normally distributed for all the distributions but the uniform distribution
(See Tables 35–41). Using Taylor series approximation for approximate mean and variances,
approximate sampling distributions of (σ̂ k

ne1)
c1 , (σ̂ k

ne2)
c2 , and (σ̂ k

ne3)
c3 will be expressed as(

σ̂ k
ne1

)c1 ∼ N
(
σ c1, c21σ

2(c1−1)Var(σ̂ k
ne1)

) (
σ̂ k
ne2

)c2 ∼ N
(
σ c2, c22σ

2(c2−1)Var(σ̂ k
ne2)

)
(
σ̂ k
ne3

)c3 ∼ N
(
σ c3, c23σ

2(c3−1)Var(σ̂ k
ne3)

)
Table . Expected values, standard deviations, absolute biases, rmse values and efficiencies associated
with BLU and NE estimators for half logistic (σ = 3) distributed data with , repetitions.

n=  E(σ̂ ) σ
σ̂

|Bias(σ̂ )| RMSE(σ̂ ) EFF(σ̂ ) E(S
σ̂ k
ne

) | Bias(S
σ̂ k
ne
)| σ (S

σ̂ k
ne

)

r= 
BLUE . . . . .
NE . . . . . . . .
NE . . . . . . . .
NE . . . . . . . .

r= 
BLUE . . . . .
NE . . . . . . . .
NE . . . . . . . .
NE . . . . . . . .

r= 
BLUE . . . . .
NE . . . . . . . .
NE . . . . . . . .
NE . . . . . . . .

r= 
BLUE . . . . .
NE . . . . . . . .
NE . . . . . . . .
NE . . . . . . . .
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Table . Expected values, standard deviations, absolute biases, rmse values and efficiencies associated
with BLU and NE estimators for half logistic (σ = 3) distributed data with , repetitions.

n=  E(σ̂ ) σ
σ̂

|Bias(σ̂ )| RMSE(σ̂ ) EFF(σ̂ ) E(S
σ̂ k
ne

) | Bias(S
σ̂ k
ne
)| σ (S

σ̂ k
ne

)

r= 
BLUE . . . . .
NE . . . . . . . .
NE . . . . . . . .
NE . . . . . . . .

r= 
BLUE . . . . .
NE . . . . . . . .
NE . . . . . . . .
NE . . . . . . . .

r= 
BLUE . . . . .
NE . . . . . . . .
NE . . . . . . . .
NE . . . . . . . .

r= 
BLUE . . . . .
NE . . . . . . . .
NE . . . . . . . .
NE . . . . . . . .

Table . Expected values, standard deviations, absolute biases, rmse values and efficiencies associated
with BLU and NE estimators for half logistic (σ = 3) distributed data with , repetitions.

n=  E(σ̂ ) σ
σ̂

|Bias(σ̂ )| RMSE(σ̂ ) EFF(σ̂ ) E(S
σ̂ k
ne

) | Bias(S
σ̂ k
ne
)| σ (S

σ̂ k
ne

)

r= 
BLUE . . . . .
NE . . . . . . . .
NE . . . . . . . .
NE . . . . . . . .

r= 
BLUE . . . . .
NE . . . . . . . .
NE . . . . . . . .
NE . . . . . . . .

r= 
BLUE . . . . .
NE . . . . . . . .
NE . . . . . . . .
NE . . . . . . . .

r= 
BLUE . . . . .
NE . . . . . . . .
NE . . . . . . . .
NE . . . . . . . .

Table . Expected values, standard deviations, absolute biases, rmse values and efficiencies associated
with BLU and NE estimators for log Weibull (μ = 0, σ = 3) distributed data with , repetitions.

n=  E(σ̂ ) σ
σ̂

|Bias(σ̂ )| RMSE(σ̂ ) EFF(σ̂ ) E(S
σ̂ k
ne

) | Bias(S
σ̂ k
ne
)| σ (S

σ̂ k
ne

)

r= 
BLUE . . . . .
NE . . . . . . . .
NE . . . . . . . .

r= 
BLUE . . . . .
NE . . . . . . . .
NE . . . . . . . .
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Table . Expected values, standard deviations, absolute biases, rmse values and efficiencies associated
with BLU and NE estimators for log Weibull (μ = 0, σ = 3) distributed data with , repetitions.

n=  E(σ̂ ) σ
σ̂

|Bias(σ̂ )| RMSE(σ̂ ) EFF(σ̂ ) E(S
σ̂ k
ne

) | Bias(S
σ̂ k
ne
)| σ (S

σ̂ k
ne

)

r= 
BLUE . . . . .
NE . . . . . . . .
NE . . . . . . . .

r= 
BLUE . . . . .
NE . . . . . . . .
NE . . . . . . . .

r= 
BLUE . . . . .
NE . . . . . . . .
NE . . . . . . . .

r= 
BLUE . . . . .
NE . . . . . . . .
NE . . . . . . . .

Table . Expected values, standard deviations, absolute biases, rmse values and efficiencies associated
with BLU and NE estimators for log Weibull (μ = 0, σ = 3) distributed with , repetitions.

n=  E(σ̂ ) σ
σ̂

|Bias(σ̂ )| RMSE(σ̂ ) EFF(σ̂ ) E(S
σ̂ k
ne

) |Bias(S
σ̂ k
ne
)| σ (S

σ̂ k
ne

)

r= 
BLUE . . . . .
NE . . . . . . . .
NE . . . . . . . .

r= 
BLUE . . . . .
NE . . . . . . . .
NE . . . . . . . .

r= 
BLUE . . . . .
NE . . . . . . . .
NE . . . . . . . .

r= 
BLUE . . . . .
NE . . . . . . . .
NE . . . . . . . .

Table . Expected values, standard deviations, absolute biases, rmse values an efficiencies associatedwith
BLU and NE estimators for log Weibull (μ = 0, σ = 3) distributed data with , repetitions.

n=  E(σ̂ ) σ
σ̂

|Bias(σ̂ )| RMSE(σ̂ ) EFF(σ̂ ) E(S
σ̂ k
ne

) | Bias(S
σ̂ k
ne
)| σ (S

σ̂ k
ne

)

r= 
BLUE . . . . .
NE . . . . . . . .
NE . . . . . . . .

r= 
BLUE . . . . .
NE . . . . . . . .
NE . . . . . . . .

r= 
BLUE . . . . .
NE . . . . . . . .
NE . . . . . . . .

r= 
BLUE . . . . .
NE . . . . . . . .
NE . . . . . . . .
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Table . Expected values, standard deviations, absolute biases, rmse values and efficiencies associated
with BLU and NE estimators for normal (μ = 0, σ = 3) distributed data with , repetitions.

n=  E(σ̂ ) σ
σ̂

|Bias(σ̂ )| RMSE(σ̂ ) EFF(σ̂ ) E(S
σ̂ k
ne

) | Bias(S
σ̂ k
ne
)| σ (S

σ̂ k
ne

)

r= 
BLUE . . . . .
NE . . . . . . . .
NE . . . . . . . .
NE . . . . . . . .

r= 
BLUE . . . . .
NE . . . . . . . .
NE . . . . . . . .
NE . . . . . . . .

The power values in these tables are the ones that make p-values for the normality test
largest. Therefore, the normality of relevant sampling distributions holds provided that the
power values are chosen in some tight interval containing c values given in Tables 35–41.
Hence, new test and confidence interval procedures involving the new estimators can be pro-
posed for the scale parameter σ when populations have half normal, half logistic, exponential,
Rayleigh, normal or log-Weibull distributions. The test statistics for the hypotheses about σ

are defined as

Z =
(
σ̂ k
ne1

)c1 − σ
c1
0

c1σ c1−1
0 σ

σ̂ k
ne1

∼ N(0, 1) or Z =
(
σ̂ k
ne1

)c1 − σ
c1
0

c1σ c1−1
0 S

σ̂ k
ne1

∼ N(0, 1)

Z =
(
σ̂ k
ne2

)c2 − σ
c2
0

c2σ c2−1
0 σ

σ̂ k
ne2

∼ N(0, 1) or Z =
(
σ̂ k
ne2

)c2 − σ
c2
0

c2σ c2−1
0 S

σ̂ k
ne2

∼ N(0, 1)

Z =
(
σ̂ k
ne3

)c3 − σ
c3
0

c3σ c3−1
0 σ

σ̂ k
ne3

∼ N(0, 1) or Z =
(
σ̂ k
ne3

)c3 − σ
c3
0

c3σ c3−1
0 S

σ̂ k
ne3

∼ N(0, 1)

Table . Expected values, standard deviations, absolute biases, rmse values and efficiencies associated
with BLU and NE estimators for normal (μ = 0, σ = 3) distributed data with , repetitions.

n=  E(σ̂ ) σ
σ̂

|Bias(σ̂ )| RMSE(σ̂ ) EFF(σ̂ ) E(S
σ̂ k
ne

) | Bias(S
σ̂ k
ne
)| σ (S

σ̂ k
ne

)

r= 
BLUE . . . . .
NE . . . . . . . .
NE . . . . . . . .
NE . . . . . . . .

r= 
BLUE . . . . .
NE . . . . . . . .
NE . . . . . . . .
NE . . . . . . . .

r= 
BLUE . . . . .
NE . . . . . . . .
NE . . . . . . . .
NE . . . . . . . .

r= 
BLUE . . . . .
NE . . . . . . . .
NE . . . . . . . .
NE . . . . . . . .
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Table . Expected values, standard deviations, absolute biases, rmse values and efficiencies associated
with BLU and NE estimators for normal (μ = 0, σ = 3) distributed with , repetitions.

n=  E(σ̂ ) σ
σ̂

|Bias(σ̂ )| RMSE(σ̂ ) EFF(σ̂ ) E(S
σ̂ k
ne

) | Bias(S
σ̂ k
ne
)| σ (S

σ̂ k
ne

)

r= 
BLUE . . . . .
NE . . . . . . . .
NE . . . . . . . .
NE . . . . . . . .

r= 
BLUE . . . . .
NE . . . . . . . .
NE . . . . . . . .
NE . . . . . . . .

r= 
BLUE . . . . .
NE . . . . . . . .
NE . . . . . . . .
NE . . . . . . . .

r= 
BLUE . . . . .
NE . . . . . . . .
NE . . . . . . . .
NE . . . . . . . .

And the confidence intervals for σ with 100(1 − α)% confidence level using σ̂ k
ne1, σ̂ k

ne2 and,
σ̂ k
ne3 are

([(
σ̂ k
ne1

)c1 − zα/2c1
(
σ̂ k
ne1

)c1−1
σ

σ̂ k
ne1

]1/c1
,
[(

σ̂ k
ne1

)c1 + zα/2c1
(
σ̂ k
ne1

)c1−1
σ

σ̂ k
ne1

]1/c1)
or

([(
σ̂ k
ne1

)c1 − zα/2c1
(
σ̂ k
ne1

)c1−1Sσ̂ k
ne1

]1/c1
,
[(

σ̂ k
ne1

)c1 + zα/2c1
(
σ̂ k
ne1

)c1−1Sσ̂ k
ne1

]1/c1)

Table . Expected values, standard deviations, absolute biases, rmse values and efficiencies associated
with BLU and NE estimators for normal (μ = 0, σ = 3) distributed data with , repetitions.

n=  E(σ̂ ) σ
σ̂

|Bias(σ̂ )| RMSE(σ̂ ) EFF(σ̂ ) E(S
σ̂ k
ne

) | Bias(S
σ̂ k
ne
)| σ (S

σ̂ k
ne

)

r= 
BLUE . . . . .
NE . . . . . . . .
NE . . . . . . . .
NE . . . . . . . .

r= 
BLUE . . . . .
NE . . . . . . . .
NE . . . . . . . .
NE . . . . . . . .

r= 
BLUE . . . . .
NE . . . . . . . .
NE . . . . . . . .
NE . . . . . . . .

r= 
BLUE . . . . .
NE . . . . . . . .
NE . . . . . . . .
NE . . . . . . . .



2896 M. KARAHASAN AND N. ENE

Table . Expected values, standard deviations, absolute biases, rmse values and efficiencies associated
with BLU and NE estimators for exponential (σ = 3) distributed data with , repetitions.

n=  E(σ̂ ) σ
σ̂

|Bias(σ̂ )| RMSE(σ̂ ) EFF(σ̂ ) E(S
σ̂ k
ne

) | Bias(S
σ̂ k
ne
)| σ (S

σ̂ k
ne

)

r= 
BLUE . . . . .
NE . . . . . . . .
NE . . . . . . . .
NE . . . . . . . .

r= 
BLUE . . . . .
NE . . . . . . . .
NE . . . . . . . .
NE . . . . . . . .

([(
σ̂ k
ne2

)c2 − zα/2c2
(
σ̂ k
ne2

)c2−1
σ

σ̂ k
ne2

]1/c2
,
[(

σ̂ k
ne2

)c2 + zα/2c2
(
σ̂ k
ne2

)c2−1
σ

σ̂ k
ne2

]1/c2)
or

([(
σ̂ k
ne2

)c2 − zα/2c2
(
σ̂ k
ne2

)c2−1S
σ̂ k
ne2

]1/c2
,
[(

σ̂ k
ne2

)c2 + zα/2c2
(
σ̂ k
ne2

)c2−1S
σ̂ k
ne2

]1/c2)
([(

σ̂ k
ne3

)c3 − zα/2c3
(
σ̂ k
ne3

)c3−1
σσ̂ k

ne3

]1/c3
,
[(

σ̂ k
ne3

)c3 + zα/2c3
(
σ̂ k
ne3

)c3−1
σσ̂ k

ne3

]1/c3)
or

([(
σ̂ k
ne3

)c3 − zα/2c3
(
σ̂ k
ne3

)c3−1S
σ̂ k
ne3

]1/c3
,
[(

σ̂ k
ne3

)c3 + zα/2c3
(
σ̂ k
ne3

)c3−1S
σ̂ k
ne3

]1/c3)

where zα/2 is the upper α/2 percentage point of standard normal distribution.

Table . Expected values, standard deviations, absolute biases, rmse values and efficiencies associated
with BLU and NE estimators for exponential (σ = 3) distributed data with , repetitions.

n=  E(σ̂ ) σ
σ̂

|Bias(σ̂ )| RMSE(σ̂ ) EFF(σ̂ ) E(S
σ̂ k
ne

) | Bias(S
σ̂ k
ne
)| σ (S

σ̂ k
ne

)

r= 
BLUE . . . . .
NE . . . . . . . .
NE . . . . . . . .
NE . . . . . . . .

r= 
BLUE . . . . .
NE . . . . . . . .
NE . . . . . . . .
NE . . . . . . . .

r= 
BLUE . . . . .
NE . . . . . . . .
NE . . . . . . . .
NE . . . . . . . .

r= 
BLUE . . . . .
NE . . . . . . . .
NE . . . . . . . .
NE . . . . . . . .



COMMUNICATIONS IN STATISTICS—SIMULATION AND COMPUTATION® 2897

Table . Expected values, standard deviations, absolute biases, rmse values and efficiencies associated
with BLU and NE estimators for exponential (σ = 3) distributed with , repetitions.

n=  E(σ̂ ) σ
σ̂

|Bias(σ̂ )| RMSE(σ̂ ) EFF(σ̂ ) E(S
σ̂ k
ne

) | Bias(S
σ̂ k
ne
)| σ (S

σ̂ k
ne

)

r= 
BLUE . . . . .
NE . . . . . . . .
NE . . . . . . . .
NE . . . . . . . .

r= 
BLUE . . . . .
NE . . . . . . . .
NE . . . . . . . .
NE . . . . . . . .

r= 
BLUE . . . . .
NE . . . . . . . .
NE . . . . . . . .
NE . . . . . . . .

r= 
BLUE . . . . .
NE . . . . . . . .
NE . . . . . . . .
NE . . . . . . . .

4. Real data example

Let us consider the data given by Proschan (1963). The data are arranged in increasing order
of magnitude and show times between successive failures of air conditioning equipment in a
Boeing 720 airplane (Balakrishnan and Cohen, 1991).

12, 21, 26, 27, 29, 29, 48, 57, 59, 70, 74, 153, 326, 386, 502

Table . Expected values, standard deviations, absolute biases, rmse values and efficiencies associated
with BLU and NE estimators for exponential ( σ = 3) distributed data with , repetitions.

n=  E(σ̂ ) σ
σ̂

|Bias(σ̂ )| RMSE(σ̂ ) EFF(σ̂ ) E(S
σ̂ k
ne

) | Bias(S
σ̂ k
ne
)| σ (S

σ̂ k
ne

)

r= 
BLUE . . . . .
NE . . . . . . . .
NE . . . . . . . .
NE . . . . . . . .

r= 
BLUE . . . . .
NE . . . . . . . .
NE . . . . . . . .
NE . . . . . . . .

r= 
BLUE . . . . .
NE . . . . . . . .
NE . . . . . . . .
NE . . . . . . . .

r= 
BLUE . . . . .
NE . . . . . . . .
NE . . . . . . . .
NE . . . . . . . .
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Table . Expected values, standard deviations, absolute biases, rmse values and efficiencies associated
with BLU and NE estimators for Rayleigh (σ = 3) distributed data with , repetitions.

n=  E(σ̂ ) σ
σ̂

|Bias(σ̂ )| RMSE(σ̂ ) EFF(σ̂ ) E(S
σ̂ k
ne

) | Bias(S
σ̂ k
ne
)| σ (S

σ̂ k
ne

)

r= 
BLUE . . . . .
NE . . . . . . . .
NE . . . . . . . .
NE . . . . . . . .

r= 
BLUE . . . . .
NE . . . . . . . .
NE . . . . . . . .
NE . . . . . . . .

The data are assumed to come from in turn exponential distribution, Rayleigh dis-
tribution, and half logistic distributions. Tables 42–44 present the results of the estima-
tion associated with the methods BLU and NE’s for the cases of complete data (r =
0) and symmetrically doubly Type II censored data with the degree of r = 1, 2, 3 for
the exponential, Rayleigh, and half logistic distributions respectively. The value of k
was taken as 1,000 in the computation of σ̂ k

ne1, σ̂ k
ne2 and, σ̂ k

ne3 and their standard error
estimates.

It is noticeable that the results for the methods BLU and NE2 in general agree with each
other in comparison to NE1 and NE3 for all of the three distributions. In addition, the esti-
mates associated with the NE1, NE2 and NE3 tend to be close to BLU in the case of Rayleigh
distribution. Further, the estimates of standard error for NE2 are smaller than those of NE1
and NE3. Furthermore, 95% confidence interval estimates for the parameter σ are obtained
as defined in Section 3 since the sampling distributions of some power of σ̂ k

ne1, σ̂ k
ne2 and, σ̂ k

ne3
have been shown empirically to be normally distributed. The results are again displayed in
Tables 42–44.

Table . Expected values, standard deviations, absolute biases, rmse values and efficiencies associated
with BLU and NE estimators for Rayleigh (σ = 3) distributed data with , repetitions.

n=  E(σ̂ ) σ
σ̂

|Bias(σ̂ )| RMSE(σ̂ ) EFF(σ̂ ) E(S
σ̂ k
ne

) | Bias(S
σ̂ k
ne
)| σ (S

σ̂ k
ne

)

r= 
BLUE . . . . .
NE . . . . . . . .
NE . . . . . . . .
NE . . . . . . . .

r= 
BLUE . . . . .
NE . . . . . . . .
NE . . . . . . . .
NE . . . . . . . .

r= 
BLUE . . . . .
NE . . . . . . . .
NE . . . . . . . .
NE . . . . . . . .

r= 
BLUE . . . . .
NE . . . . . . . .
NE . . . . . . . .
NE . . . . . . . .
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Table . Expected values, standard deviations, absolute biases, rmse values and efficiencies associated
with BLU and NE estimators for Rayleigh (σ = 3) distributed with , repetitions.

n=  E(σ̂ ) σ
σ̂

|Bias(σ̂ )| RMSE(σ̂ ) EFF(σ̂ ) E(S
σ̂ k
ne

) | Bias(S
σ̂ k
ne
)| σ (S

σ̂ k
ne

)

r= 
BLUE . . . . .
NE . . . . . . . .
NE . . . . . . . .
NE . . . . . . . .

r= 
BLUE . . . . .
NE . . . . . . . .
NE . . . . . . . .
NE . . . . . . . .
ir= 
BLUE . . . . .
NE . . . . . . . .
NE . . . . . . . .
NE . . . . . . . .

r= 
BLUE . . . . .
NE . . . . . . . .
NE . . . . . . . .
NE . . . . . . . .

Table . Expected values, standard deviations, absolute biases, rmse values and efficiencies associated
with BLU and NE estimators for Rayleigh ( σ = 3) distributed data with , repetitions.

n=  E(σ̂ ) σ
σ̂

|Bias(σ̂ )| RMSE(σ̂ ) EFF(σ̂ ) E(S
σ̂ k
ne

) | Bias(S
σ̂ k
ne
)| σ (S

σ̂ k
ne

)

r= 
BLUE . . . . .
NE . . . . . . . .
NE . . . . . . . .
NE . . . . . . . .

r= 
BLUE . . . . .
NE . . . . . . . .
NE . . . . . . . .
NE . . . . . . . .

r= 
BLUE . . . . .
NE . . . . . . . .
NE . . . . . . . .
NE . . . . . . . .

r= 
BLUE . . . . .
NE . . . . . . . .
NE . . . . . . . .
NE . . . . . . . .

Table . Expected values, standard deviations, absolute biases, rmse values and efficiencies associated
with BLU and NE estimators for uniform (0, σ = 3) distributed data with , repetitions.

n=  E(σ̂ ) σ
σ̂

|Bias(σ̂ )| RMSE(σ̂ ) EFF(σ̂ ) E(S
σ̂ k
ne

) | Bias(S
σ̂ k
ne
)| σ (S

σ̂ k
ne

)

r= 
BLUE . . . . .
NE . . . . . . . .
NE . . . . . . . .

r= 
BLUE . . . . .
NE . . . . . . . .
NE . . . . . . . .
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Table . Expected values, standard deviations, absolute biases, rmse values and efficiencies associated
with BLU and NE estimators for uniform (0, σ = 3) distributed data with , repetitions.

n=  E(σ̂ ) σ
σ̂

|Bias(σ̂ )| RMSE(σ̂ ) EFF(σ̂ ) E(S
σ̂ k
ne

) | Bias(S
σ̂ k
ne
)| σ (S

σ̂ k
ne

)

r= 
BLUE . . . . .
NE . . . . . . . .
NE . . . . . . . .

r= 
BLUE . . . . .
NE . . . . . . . .
NE . . . . . . . .

r= 
BLUE . . . . .
NE . . . . . . . .
NE . . . . . . . .

r= 
BLUE . . . . .
NE . . . . . . . .
NE . . . . . . . .

Table . Expected values, standard deviations, absolute biases, rmse values and efficiencies associated
with BLU and NE estimators for uniform (0, σ = 3) distributed with , repetitions.

n=  E(σ̂ ) σ
σ̂

|Bias(σ̂ )| RMSE(σ̂ ) EFF(σ̂ ) E(S
σ̂ k
ne

) | Bias(S
σ̂ k
ne
)| σ (S

σ̂ k
ne

)

r= 
BLUE . . . . .
NE . . . . . . . .
NE . . . . . . . .

r= 
BLUE . . . . .
NE . . . . . . . .
NE . . . . . . . .

r= 
BLUE . . . . .
NE . . . . . . . .
NE . . . . . . . .

r= 
BLUE . . . . .
NE . . . . . . . .
NE . . . . . . . .

Table . Expected values, standard deviations, absolute biases, rmse values and efficiencies associated
with BLU and NE estimators for uniform (0, σ = 3) distributed data with , repetitions.

n=  E(σ̂ ) σ
σ̂

|Bias(σ̂ )| RMSE(σ̂ ) EFF(σ̂ ) E(S
σ̂ k
ne

) | Bias(S
σ̂ k
ne
)| σ (S

σ̂ k
ne

)

r= 
BLUE . . . . .
NE . . . . . . . .
NE . . . . . . . .

r= 
BLUE . . . . .
NE . . . . . . . .
NE . . . . . . . .

r= 
BLUE . . . . .
NE . . . . . . . .
NE . . . . . . . .

r= 
BLUE . . . . .
NE . . . . . . . .
NE . . . . . . . .
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Table . Goodness of fit tests for normality of sampling distributions for some power of σ̂ k
ne1, σ̂

k
ne2 and σ̂ k

ne3
in the case of half normal distribution via Anderson-Darling tests.

(
σ̂ k
ne1

)c1 (
σ̂ k
ne2

)c2 (
σ̂ k
ne3

)c3
c A-D p-value c A-D p-value c A-D P-value

n=  r=  . . . . . . . . <.∗
r=  . . <.∗ . . . . . <.∗
r=  . . . . . . . . .
r=  . . . . . . . . .

n=  r=  . . . . . . . . .
r=  . . . . . . . . .
r=  . . . . . . . . .
r=  . . . . . . . . .

n=  r=  . . . . . . . . .
r=  . . . . . . . . <.∗
r=  . . . . . . . . .

n=  r=  . . . . . . . . .
r=  . . . . . . . . .
r=  . . . . . . . . .

∗ Ryan-Joiner test statistics= ., p-value> . and Kolmogorov-Smirnov test statistics= . or ., p-value< ..

Table . Goodness of fit tests for normality of sampling distributions for some power of σ̂ k
ne1, σ̂

k
ne2 and σ̂ k

ne3
in the case of half logistic distribution via Anderson-Darling tests.

(
σ̂ k
ne1

)c1 (
σ̂ k
ne2

)c2 (
σ̂ k
ne3

)c3
c A-D p-value c A-D P-value c A-D p-value

n=  r=  . . . . . . . . .
r=  . . . . . . . . .
r=  . . . . . . . . .
r=  . . . . . . . . .

n=  r=  . . . . . . . . .
r=  . . . . . . . . .
r=  . . . . . . . . .
r=  . . . . . . . . .

n=  r=  . . . . . . . . .
r=  . . . . . . . . .
r=  . . . . . . . . .

n=  r=  . . . . . . . . .
r=  . . . . . . . . .
r=  . . . . . . . . .

Table . Goodness of fit tests for normality of sampling distributions for some power of σ̂ k
ne1, σ̂

k
ne2 and σ̂ k

ne3
in the case of normal distribution via Anderson-Darling tests.

(
σ̂ k
ne1

)c (
σ̂ k
ne2

)c2 (
σ̂ k
ne3

)c3
c A-D p-value c A-D p-value c A-D p-Value

n=  r=  . . <.∗ . . . . . <.∗
r=  . . <.∗ . . . . . <.∗
r=  . . . . . . . . .
r=  . . . . . . . . <.∗

n=  r=  . . . . . . . . <.∗
r=  . . . . . . . . .
r=  . . . . . . . . .
r=  . . . . . . . . .

n=  r=  . . . . . . . . .
r=  . . . . . . . . .
r=  . . . . . . . . .

n=  r=  . . . . . . . . .
r=  . . . . . . . . .
r=  . . . . . . . . .

∗ Ryan-Joiner test statistics= ., p-value> . and Kolmogorov-Smirnov test statistics= ., .≤ p-value≤. .
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Table . Goodness of fit tests for normality of sampling distributions for some power of σ̂ k
ne1, σ̂

k
ne2 and σ̂ k

ne3
in the case of exponential distribution via Anderson-Darling tests.

(
σ̂ k
ne1

)c1 (
σ̂ k
ne2

)c (
σ̂ k
ne3

)c3
c A-D p-value c A-D p-value c A-D p-value

n=  r=  . . . . . . . . .
r=  . . . . . . . . .
r=  . . . . . . . . .
r=  . . . . . . . . .

n=  r=  . . . . . . . . .
r=  . . . . . . . . .
r=  . . . . . . . . .
r=  . . . . . . . . .

n=  r=  . . . . . . . . .
r=  . . . . . . . . .
r=  . . . . . . . . .

n=  r=  . . . . . . . . .
r=  . . . . . . . . .
r=  . . . . . . . . .

Table . Goodness of fit tests for normality of sampling distributions for some power of σ̂ k
ne1, σ̂

k
ne2 and σ̂ k

ne3
in the case of Rayleigh distribution via Anderson-Darling tests.

(
σ̂ k
ne1

)c1 (
σ̂ k
ne2

)c2 (
σ̂ k
ne3

)c3
c A-D P-value c A-D p-value c A-D P-value

n=  r=  . . . . . . . . .
r=  . . . . . . . . .
r=  . . . . . . . . .
r=  . . . . . . . . .

n=  r=  . . . . . . . . .
r=  . . . . . . . . .
r=  . . . . . . . . .
r=  . . . . . . . . .

n=  r=  . . . . . . . . .
r=  . . . . . . . . .
r=  . . . . . . . . .

n=  r=  . . . . . . . . .
r=  . . . . . . . . .
r=  . . . . . . . . .

Table . Goodness of fit tests for normality of sampling distributions for some power of σ̂ k
ne1 in the cases

of log Weibull distribution via Anderson-Darling test, Ryan-Joiner, Kolmogorov-Smirnov tests.

c A-D P-value RJ P-value KS p-value

n=  r=  . . <. . . . <.
r=  . . <. . . . <.
r=  . . . . >. . .
r=  . . . . >. . .

n=  r=  . . <. . . . <.
r=  . . . . >. . .
r=  . . . . >. . .
r=  . . <. . >. . .

n=  r=  . . . . >. . .
r=  . . <. . . . <.
r=  . . . . >. . .

n=  r=  . . . . >. . .
r=  . . . . >. . >.
r=  . . . . >. . >.
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Table . Goodness of fit tests for normality of sampling distributions for some power of σ̂ k
ne2 in the cases

of log Weibull distribution via Anderson-Darling test, Ryan-Joiner, Kolmogorov-Smirnov tests.

c A-D P-value RJ P-value KS p-value

n=  r=  . . <. . . . <.
r=  . . <. . . . <.
r=  . . <. . >. . <.
r=  . . <. . . . <.

n=  r=  . . <. . . . <.
r=  . . <. . >. . <.
r=  . . . . >. . >.
r=  . . . . >. . >.

n=  r=  . . . . >. . >.
r=  . . <. . . . <.
r=  . . . . >. . >.

n=  r=  . . . . >. . >.
r=  . . . . >. . >.
r=  . . . . >. . >.

Table . The results of estimation for Proschan’s data with % confidence interval when the population
is assumed to be exponentially distributed.

n=  σ̂ S
σ̂

σ̂lower σ̂upper

r= 
BLUE . .
NE . . . .
NE . . . .
NE . . . .

r= 
BLUE . .
NE . . . .
NE . . . .
NE . . . .

r= 
BLUE . .
NE . . . .
NE . . . .
NE . . . .

r= 
BLUE . .
NE . . . .
NE . . . .
NE . . . .

Table . The results of estimation for Proschan’s data with % confidence interval when the population
is assumed to be Rayleigh distributed.

n=  σ̂ S
σ̂

σ̂lower σ̂upper

r= 
BLUE . .
NE . . . .
NE . . . .
NE . . . .

r= 
BLUE . .
NE . . . .
NE . . . .
NE . . . .

r= 
BLUE . .
NE . . . .
NE . . . .
NE . . . .

r= 
BLUE . .
NE . . . .
NE . . . .
NE . . . .
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Table . The results of estimation for Proschan’s data with % confidence interval when the population
is assumed to be half logistic distributed.

n=  σ̂ S
σ̂

σ̂lower σ̂upper

r= 
BLUE . .
NE . . . .
NE . . . .
NE . . . .

r= 
BLUE . .
NE . . . .
NE . . . .
NE . . . .

r= 
BLUE . .
NE . . . .
NE . . . .
NE . . . .

r= 
BLUE . .
NE . . . .
NE . . . .
NE . . . .

5. Concluding remarks and discussions

The new scale estimators presented in this study have advantages of the estimators proposed
by Ene and Karahasan (2016); first, they are unbiased and have nearly equivalent variance
performance with the BLU estimators. Second, unlike BLU estimators, expected values and
variance-covariance matrix of order statistics are not needed in computing them. Further,
hypotheses tests and confidence interval based on these estimators can easily be constructed
because of likely normality of their sampling distributions after some power transformation.

Moreover, the new estimators with weights that involve evaluation of relevant distribution
function are put in an equivalent form by using order statistics from standard uniform dis-
tribution so that the computation can be easily carried out for the distribution functions that
cannot be expressed in a closed form. Therefore, these new unbiased scale parameter estima-
tors can be regarded as an alternative to BLU estimators in the case of no censoring or doubly
Type II censoring for the relevant family of scale distributions.

Finally, as extensions of this work, first the estimators can be adapted to Type II right or
Type II left censored samples. In addition, NE type new estimators can easily be developed
for other scale family of distributions not considered in this work.
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