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Abstract

The main goal of this paper is to introduce and investigate a new class of functions called almost
e*-continuous functions containing the class of almost e-continuous functions defined by Ozko¢ and
Kina. Several characterizations concerning almost e*-continuous functions are obtained. Further-
more, we investigate the relationships between almost e*-continuous functions and separation axioms
and almost e*-closedness of graphs of functions. (©)2016 all rights reserved.
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1. Introduction

The notion of continuity on topological spaces, as significant and fundamental subject in the
study of topology, has been researched by many mathematicians. Several investigations related to
almost continuity which is a generalization of continuity have been published. The study of almost
continuity was initiated by Singal and Singal [I7] in 1968. Next, almost a-continuous functions
were introduced and investigated by Thakur and Paik [19]. In 1998, Noiri and Popa [11] defined the
concept of almost S-continuous functions. Later, almost b-continuous functions introduced by Sengiil
[15] and almost e-continuous functions defined by Ozko¢ and Kina [12] and studied these concept.
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In this paper, we introduce some new types of continuity such as almost e*-continuity, weakly
e*-continuity and faintly e*-continuity via e*-open set defined by Ekici [5]. Also we look into several
properties of these new concepts. Moreover, we investigate not only some of their properties but also
their relationships with other types of already existing topological function.

2. Preliminaries

In this section let us recall some definitions and results which are used in this paper. All through
this paper, X and Y represent topological spaces. For a subset A of a space X, cl(A) and int(A)
denote the closure of A and the interior of A, respectively. The family of all closed (open) sets of X
is denoted by C(X) (O(X)). A subset A is said to be regular open [18] (resp. regular closed [18])
if A =int(cl(A)) (resp. A = cl(int(A))). A point x € X is said to be d-cluster point [20] of A if
int(cl(U)) N A # () for each open neighborhood U of x. The set of all d-cluster points of A is called
the d-closure [20] of A and is denoted by cls(A). If A = cls(A), then A is called d-closed [20], and
the complement of a §-closed set is called d-open [20]. The set {z|(U € O(X, z))(int(cl(U)) C A)}
is called the d-interior of A and is denoted by ints(A).

A subset A is called a-open [9] (resp. semiopen [7], d-semiopen [I3], preopen [§], d-preopen
[14], b-open [I], e-open [], e*-open [5], a-open [3]) if A C int(cl(int(A))) (resp. A C cl(int(A)),
A C d(ints(A)), A C int(cl(A)), A C int(cls(A)), A C cl(int(A)) Uint(cl(A)), A C cl(ints(A)) U
int(cls(A)), A C cl(int(cls(A))), A C int(cl(ints(A)))). The complement of an a-open (resp.
semiopen, d-semiopen, preopen, J-preopen, b-open, e-open, e*-open, a-open) set is called a-closed
[9] (resp. semiclosed [7], d-semiclosed [13], preclosed [8], d-preclosed [14], b-closed [1], e-closed [4],
e*-closed [5], a-closed [3]). The intersection of all e*-closed (resp. a-closed, semi-closed, d-semi-closed,
pre-closed, d-pre-closed) sets of X containing A is called the e*-closure [5] (resp. a-closure [3], semi-
closure [7], d-semi-closure [13], pre-closure [8], d-pre-closure [14]) of A and is denoted by e*-cl(A)
(resp. a-cl(A), scl(A), 6-scl(A), pcl(A), 6-pcl(A)). The union of all e*-open (resp. a-open, semiopen,
d-semiopen, preopen, d-preopen) sets of X contained in A is called the e*-interior [5] (resp. a-interior
[3], semi-interior [7], d-semi-interior [13], pre-interior [§], J-pre-interior [14]) of A and is denoted by
e*-int(A) (resp. a-int(A), sint(A), §-sint(A), pint(A), o-pint(A)).

A point z of X is called a f-cluster [20] point of A if cl(U) N A # () for every open set U of X
containing x. The set of all #-cluster points of A is called the #-closure [20] of A and is denoted by
clg(A). A subset A is said to be #-closed [20] if A = cly(A). The complement of a 6-closed set is
called a @-open [20] set. A point = of X is said to be a f-interior [20] point of a subset A, denoted
by inte(A), if there exists an open set U of X containing = such that cl/(U) C A.

The family of all e*-open (resp. e*-closed, regular open, regular closed, d-open, d-closed, #-open,
f-closed, semiopen, semiclosed, preopen, preclosed, d-semiopen, d-semiclosed, d-preopen, d-preclosed,
a-open, a-closed) subsets of X is denoted by e*O(X) (resp. e*C(X), RO(X), RC(X), 60(X), 6C(X),
00(X), 0C(X), SO(X), SC(X), PO(X), PC(X), 05SO(X), 65C(X), 6PO(X), 6PC(X)), aO(X),
aC(X)). The family of all e*-open (resp. e*-closed, regular open, regular closed, d-open, d-closed,
f-open, O-closed, semiopen, semiclosed, preopen, preclosed, d-semiopen, d-semiclosed, d-preopen, J-
preclosed, a-open, a-closed) sets of X containing a point x of X is denoted by e*O(X,z) (resp.
eC(X,z), RO(X,z), RC(X,z), 600(X,x), 60C(X,z), 00(X,z), 0C(X,z), SO(X,x), SC(X,x),
PO(X,z), PC(X,x), 050(X,x), SC(X,z), 6PO(X,x), dPC(X,z), aO(X, ), aC(X, x)).

The following basic properties of e*-closure and e*-interior are useful in the sequel:

Lemma 2.1 ([5]). Let A be a subset of a space X, then the following hold:
(a) e*-cl(X \ A) = X \ e*-int(A);
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(b) x € e*-cl(A) if and only if ANU # 0 for every U € e*O(X, x);
(c) Aise*C(X) if and only if A = e*-cl(A);
(d) e*-cl(A) € e*C(X);
(e) e*-int(A) = Ancl(int(cls(A))).
Lemma 2.2 ([3, 10, 13]). Let A be a subset of a space X, then the following properties hold:
(a) If A is preopen, then scl(A) = int(cl(A));
(b) a-cl(A) = AU cl(int(cls(A)));
(c) d-scl(A) = AUint(cls(A)).
Lemma 2.3. Let A be a subset of a space X. If A € e*O(X), then cls(A) € RC(X).
Proof. Let A be any e*-open set of X.
A€ e’O(X)= A C cl(int(cls(A)))
= Clg(A)
C cls(cl(int(cls(A))))

) (2.1)
= cls(cls(int(cls(A)))) = cls(int(cls(A))) = cl(int(cls(A))) ...,

A C X = int(cls(A)) C cls(A) = cl(int(cls(A))) C cl(cls(A)) C cls(cls(A)) = cls(A) ..., (2.2)
2.1, = cls(A) = cl(int(cls(A))) = cls(A) € RC(X).
[

3. Almost e*continuous functions

Definition 3.1. A function f : X — Y is said to be

(1) almost e*-continuous (briefly a.e*.c.) at x € X if for each open set V' containing f(x), there
exists an e*-open set U in X containing = such that f[U] C int(cl(V)).

(2) weakly e*-continuous (briefly w.e*.c.) at x € X if for each open set V' containing f(z), there
exists an e*-open set U in X containing = such that f[U] C cl(V).

(3) almost e*-continuous (resp. weakly e*-continuous) if it is almost e*-continuous (resp. weakly
e*-continuous) at every point of X.

(4) e*-continuous [5] (briefly e*.c.) if f~![V] € e*O(X) for each open set V of Y.

Theorem 3.2. Let f: (X,7) — (Y,0) be a function. Then the following are equivalent:

(a) fis ae*.c. at v € X;

(b) for each open neighborhood V- of f(x), x € cl(int(cls(f~[scl(V)])));

(c) for each open neighborhood V' of f(x) and each open neighborhood U of x, there ezists a

nonempty open set G C U such that G C cls(f~ [scl(V)]);
(d) for each open neighborhood V' of f(z), there exists U € SO(X, x) such that U C cls(f~ [scl(V)]).

Proof. (a)=- (b): let V' be any open neighborhood of f(x).

Ve O<Y’f<2§ } = (3U € e O(X, 2))(f[U] C int(cl(V)) = scl(V))
= (U € *O(X,2))(U C f[scl(V)])
= (AU € e"O(X, a:))(cl(mt(cl(;(U))) C cl(int(cls(f[scl(V)])))
= (3U € *O(X, 2))(U C cl(int(cls(U))) C cl(int(cls(f[scl(V)]))))
H[se

=z € cl(int(cls(f~

scl(V)])))-
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(b)= (c): let V be any open neighborhood of f(x) and U an open set of X containing x.

Ve o, f(x))

) } = xc cl(int(Cla(f_Ul[édO(&],)ig } = U Ncl(int(cls(f [scl(V)]))) # 0

= cl(U nint(cls(f~scl(V)]))) # 0 = U nvint(cls(f~[scl(V)])) # 0 } N
G = U nint(cls(f[scl(V)]))
= (Ger\{0})(G cCU)(G Ccls(fscl(V)])).
(c)=-(d): let V' be any open neighborhood of f(z) and U an open set of X containing x.

<VEOWJ@m@Hﬂ%X@>}$ (Gy € T\ {0})(Gy C U)(Gy C cs(f scl(V)])
(c) Uy := U{Gu|U € O(X, )} }

= (Up € SO(X,2))(Uy C cls(f scl(V))])).
(d)= (a): Let V' be any open neighborhood of f(z).

Veor, f(f’(cc)l; } = (G € SO(X,2))(G C cly(f [scl(V)]))
= (G € SOX, o) (fV]NG C F V] N el(int(G))
C fHscl(V)] N el(int(Q))
C [T s (V)] N el(int(cls(f~ [scl(V)])))
)

=e* mt( Yscl(V)

]
= (U :=e*int(f[scl(V)]) € e*O(X, x))(f[U] C scl(V') = int(cl(V))).
This shows that f is a.e*.c. at x. m

Theorem 3.3. Let f: (X,7) — (Y,0) be a function. Then the following are equivalent:

(b) e*-cl(f~cl(int(cls(B)))]) C fY[cls(B)] for every subset B of Y;
(c) e*-cl(fcl(int(F))]) C f~ [ | for every é-closed set F' of Y,

(d) e*-cl(f~c(V)]) C fHcl(V)] for every open set V of Y;

(e) f7HV] C e*-int(f~ scl(V)]) for every open set V of Y;

(f) f7HV] C c(int(cls(fscl(V)]))) for every open set V of Y.

Proof. (a)=- (b): let B be any subset of Y.

z e X\ fels(B)] = f(x) € Y\ cls(B)
= (AV € O, f(2))(int(cl(V)) N B = 0)
= (IV € O, f(x))(int(cl(V)) N cl<int(claff5))) = 0)
= (U € e*O(X, x))(f[U] C int(cl(V)))(int(cl(V)) N el(int(cls(B))) = 0)
= (AU € e*O(X, x))(f[U] N cl(mt(cla(B))) =0)
= (U € *O(X, 2))( )
=z & e*-cl(f (i nt(c ( )
=1 € X \ e*~c(fcl(int(cl;(B)))]).
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(b)= (c): let F' be any closed set of Y.

F e dC(Y) = cls(F) Z(bf; } = e*cl(fVcl(int(F))]) C f~'[F).

(c)=-(d): let V be any open set of Y.

Veo=cdV)e RCY)=c(V)edC(Y) }
()
= "~cl(fHel(V)]) = e"~cl(f " [cl(int(cl(V)))]) € fHel(V)].

(d)= (e): let V be any open set of Y.

V€0:>Y\CZ(V)€U}
(d)

= X\ e*int(f[scl(V)]) = e*~cl(f Y \int(cl(V))]) C fHAY \ (V)] C X\ fel(V)].
(e)= (f): let V be any open set of Y.

e } = V) € eint(F stV ER cttint(els (7 sel(V )

(f)=(a): let = be any point of X and V any open set Y containing f(x).

Veo, f(f}; } =z € fV] C cl(int(cls(f~ [scl(V)])).

Then from Theorem (b) f is a.e*.c. at any point x € X. Therefore f is a.e*.c. O
Theorem 3.4. Let f: (X, 7) = (Y,0) be a function. Then the following are equivalent:
(a) fis a.e*.c;

(b) for each x € X and each regular open set V' containing f(x), there exists an e*-open set U in
X containing x such that f[U] C V;
e*-cl(f7HV]) C fcls(V)] for every e*-open set V of Y;
*(f7HV]) € f els(V)] for every semi-open set V of Y
“HV] C e*-int(fHint(cl(V))]) for every preopen set V of Y
V] € e*O(X) for every regular open set V of Y;
V] € e*C(X) for every regular closed set V of Y.
)

Proof. (a)< (b): it is straightforward. (a)= (c): let V be any e*-open set of Y and = ¢ f~![cls(V)].

x ¢ [ cls(V)] = f(z) € Y\ cs(V) = ints(V \(V; }
= (U € e'O(X, x))(fU] Cint(cl(ints(Y \ V))))

)
= (U € e*O(X, z))(f[U] N cl(int(cls(V ))) =)
Vee oY)

= (AU € erO(X,2))(UN fHV] = 0)
= x & e*~cl(f[V]).

} = (JU € O(X, 2))(f[U] NV = 0)
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(¢)= (d): this is obvious since SO(Y) C e*O(Y).
(d)= (e): let V' be any preopen set of Y.

V e PO(Y) = c(int(Y \ V) € SO(Y) }
(d)

FHel(int(Y \ V)] C e*-cl(f~ cl(int(Y \ V))])
= X\ fint(cl(V))] = X \ e*int(f[int(cl(V))])
= V] C fint(cdl(V))] = e*~int(f [int(cl(V))]).

(e)= (f): let V be any regular open set of Y.

= e -cl(f cl(int(Y \ V))]) € fVels(cl(int(Y \ V)] € f=Vcl(int(Y \ V)] }

VeROY)=Ve¢ PO(Q } = V] C emint(f int(cl(V))]) = e*int(f1[V])

= f[V] € eO(X).

(f)= (g): it is straightforward.
(f)= (a): let x be any point of X and V any open set Y containing f(x).

Ve oy, f(x)) =Y \int(c(V)) € RC(Y) } S Y\ int(c(V))] € e C(X)

(f)
= f~int(cl(V))] € e*O(X, ) }
U= fint(cl(V))]
= (U € e'O(X, x))(f[U] Cint(cl(V))).

Theorem 3.5. Let f: (X, 7) = (Y,0) be a function. Then the following are equivalent:

(a) fis a.e*.c;
fle*-cl(A)] C Clg(f[AD for every subset A of X;

b) f

c¢) e*-cl(f~'[B]) C f~'cls(B)] for every subset B of Y;
d) f7YF) € e*C(X) for every §-closed set F of Y;

) f7HV] € e*O(X) for every 6-open set V of Y.

Proof. (a)= (b): let A be a subset of X.
A CX = ds(flA]) = HFI(fIA] € F)(F € RC(Y))} € 6C(Y) }

(a)
= [ cls(f[A])] = N fUF] € eC(X) }
(FIA]CF)(FERC(Y)) = e*-cl(A) C fels(f[A])]
A C fHels(fIA])] = e*-cl(A) C e*-cl(f~[cls(f[A])])

= fle*-cl(A)] C cls(f[A]).
(b)= (c): let B be a subset of Y.

BCcY= flBlcX
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= e"~cl(f7'[B]) € £ [cls(B)].
(c)=(d): let F be any d-closed set of Y.

Ie 50(23 } = *=c(fF]) C [ els(F)] = fUF] = f[F] € " C(X).

(d)= (e): it is straightforward.
(e)= (a): let V be any regular open set of Y.

VEeROY)=Ve 50(2/3 } = V] € e O(X).

Lemma 3.6. Let A be a subset of a space X, then the following hold:
(1) a-cl(A) = cls(A) for every A € e*O(X);
(2) a-cl(A) = d-pcl(A) = cls(A) for every A € §SO(X);
(3) A€ RO(X) = A =int(cl(A)) = int(cls(A)).

Proof. (1) Let A be any e*-open set of X.

A€ e’O(X)= A Cd(int(cls(A)))
= cls(A) C cls(int(cls(A)))
= cls(A) C AUcl(int(cls(A ))
= cls(A) C a-cl(A)..

(3.1)

ACX = acl(A) Ccls(A)..., (3.2)

(3-1), = a-cl(A) = cls(A).

(2) Let A be any d-semiopen set of X.

A€ dSO(X) = A C dlints(A))
= cls(A) C cls(ints(A)) = cl(ints(A))
= cls(A) C AUcl(ints(A))
= cls(A) C 6-pcl(A). ..,

AC X = 6-pcl(A) C cls(A)..., (3.4)

B3), B4 = 6-pel(A) = cls(A).

A C X = int(cl(A)) Cint(cls(A)) ..., (3.5)

x € int(cls(A)) = (AU e U(z))(U C cls(A))
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= (AU € U(x))(U N (X \ cls(A)) = 0)

= GUE “ (RQE)UQ (271)’;5(\)1(4\6’42%)0< ‘b; } = (AU € U)(U N int(X \ A) = 0)
= (3U € U(z))(U C cl(A))

= x € int(cl(A)).

Then we have

int(cls(A)) C int(cl(A))...,
(B-9), (3:-6) = A = int(cl(A)) = int(cls(A)).

Theorem 3.7. Let f: (X, 7) — (Y,0) be a function. Then the following are equivalent:

(a) fis a.e*.c;

(b) e*-cl(f~1V]) C fHa-cl(V)] for each V € e*O(Y);
(c) e*-cl(f~HV]) C fHo-pcl (V)] for each V € §SO(Y);
(d) f7HV] C e*-int(f~[d-scl(V)]) for each V € §PO(Y).

Proof. (a) = (b): let V be any e*-open set of Y.

Vee oY)

Theorem () } ﬁe*—cl(f‘l[V])Lng;;[Y(/l); } = e*~cl(f~HV]) C fHa-cl(V)].

(b) = (c): let V be any d-semiopen set of Y.

VedSOY)=VeeO(Y) } _ e=d(fTHV]) € fHamd (V)] }
(b) Lemma (2)
)

= e=c(f[V]) C £ o-pel(V)].
(¢) = (d): let F' be any d-preopen set of Y.
V e dPO(Y) = c(ints(Y \ V)) € SO(Y) }

(©)
= er-c(f” [Cl(mta(\V))]) [5-pcl(cl(inta(\V)))]
= [THV] = [ 0-pint(V)] C [~ [0-pint(int(cls(V)))]

C eint(f” [mt(dé( )
C e*~int(f~HV Uint(cls(V)))])
= e*-int(fHo-scl(V)]).

(d) = (a) : let V be any regular open set of Y.

V e RO(Y) =V € 6PO(Y) }
(d)

(3.6)

= FUV] C eint(fVS-sel(V)]) = e*int(fV Uint(cls(V)]) “™ L @ e e (p1v])

= f1[V] € O(X).
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4. Some fundamental properties

Definition 4.1. A function f: X — Y is said to be faintly e*-continuous (briefly f.e*.c.) if for each

xr € X and each G-open set V of Y containing f(x), there exists an e*-open set U in X containing x
such that f[U] C V.

Theorem 4.2. Let f: (X,7) — (Y,0) be a function. Then the following are equivalent:

(a) f s fe.c;

(b) f7HV] € e*O( ) for every O-open set V of Y;

(c) f7HV] € e*C(X) for every O-closed set V of Y.
)=

Proof. (a)= (b): let V be any f-open set of Y and z € f~'[V].

(V €00 € V) > V € 00(Y. f(z) :
) b= @uecoxacv)
)

= (U € e'O(X,2))(U C f'[V])
= x € e*int(fHV]).

This shows that f~1[V] is e*-open in X.
(b)= (a): let V be any f-open set of Y.

Ve do(y, f(z)) 1 )
®) } = Sl e o) } = (U € eO(X, 2))(fIU] C V).

(b)= (c) and (c)=-(b): they are straightforward. O
Theorem 4.3. Let f: (X,7) = (Y,0) be a function. Then the implications (a)= (b) = (c¢) = (d)
= (e) hold for the following properties:

is e*.c.;

f
7 Yels(B)] is e*~closed in X for every subset B of Y

Proof. (a)= (b): let B be any subset of Y.

BCY = ¢cls(B) € 0((33 } = [[cls(B)] € e"C(X).

(b) = (c): let x be any point of X and V' any open set Y containing f(z).

Veo(, ﬂa(%% } = [Yels(V)] € e C(X) = e*~c(f1V]) C e*=c(f s (V)]) = f els(V)].

Then from Theorem (c) fis a.e*.c.
(¢) = (d): it is straightforward.
(d) = (e): let x be any point of X and V any #-open set Y containing f(x).

Veboy, f(x) =V e O, f(x))

o) | = BU e ottt c ) =v),
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Remark 4.4. If Y is regular, then the above five properties are equivalent. Suppose that Y is regular.
We prove that (e) = (a). Let V' be any open set of Y. Since Y is regular, V' is #-open in Y. By the
faint e*-continuity of f, f~![V] is e*-open in X. Therefore, f is e*-continuous.

Definition 4.5. A space X is said to be:

(1) almost regular [16] if for any regular closed set F' of X and any point ¢ F' there exist disjoint
open sets U and V such that z € U and F C V.

(2) semi-regular [11] if for any open set U of X and each point & € U there exists a regular open
set V of X such that x € V C U.

Lemma 4.6 ([16]). For a topological space (X, T) the following are equivalent:

(a) (X, 7) is almost reqular,

(b) for each point x € X and each regular open set V' containing x, there exists a reqular open set
U such that x € U C cl(U) C 'V,

(c) for each point x € X and each neighborhood M of x, there ezists a regular open neighborhood
V' of x such that cl(V') C int(cl(M)),

(d) for each point x € X and each neighborhood M of x, there exists an open neighborhood V' of x
such that cl(V') C int(cl(M)),

(e) for every regular closed set A and each point x not belonging to A, there exist open sets U and
V' such that x € U, ACV and cl(U)Nel(V) =0,

(f) every regular closed set F' is expressible as an intersection of some regular closed neighborhoods
of F,

(g) every regular closed set F' is identical with the intersection of all closed neighborhoods of F,

(h) for every set A and every regqular open set B such that AN B # (), there exists an open set G
such that ANG # 0 and cl(G) C B,

(i) for every non-empty set A and every reqular closed set B satisfying A N B # (), there exist
disjoint open sets G and H such that ANG # () and B C H.

Theorem 4.7. If [ : (X,7) — (Y,0) is a weakly e*-continuous function and Y is almost regular,
then f 1s almost e*-continuous.

Proof. Let x be any point of X and V any open set Y containing f(z).

VeOo(, f(z)) } = (3G € RO(X, z))(cl(G) C int(cl(V))) }

Y is almost regular s w.et.c.

= (U € e*O(X, 2))(f[U] C cl(G) C int(cl(V))).
]

Theorem 4.8. If f : (X,7) — (Y,0) is an almost e*-continuous and Y is semi-reqular, then f is
e*-continuous.

Proof. Let x be any point of X and V' any open set Y containing f(z).

V € O(Y, f(x)) } = (3G € RO(Y, f()))(G c U) }

Y is semi-regular . .
fis a.e*.c.

= (U € e*'O(X, 2))(f[U] C int(cl(G)) = G).
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Lemma 4.9. Let X be a topological space. Then X is reqular iff X is almost reqular and semi-regular.

Proof. Necessity. This is straightforward.
Sufficiency. Let X be almost regular and semi-regular.

erer}

X is semi-regular X is almost regular

= AW e U(x))(cl(W) Cint(c
= 3@W e U(x))(cl(W) C U).

:$GVeRmX@MVCU)}
(cl(V

)=V cU)

]

Corollary 4.10. Let f : X — Y be a function. If Y is an almost reqular and semi-reqular space,
then the following are equivalent:

(a) fise*.c;

(b) f is a.e*.c.;

(c) fis w.e*.c.
Definition 4.11. A function f : X — Y is said to be almost e*-open if f[U] C int(cl(f[U])) for
every e*-open set U of X.

Theorem 4.12. If f : (X, 7) — (Y, 0) is an almost €*-open and weakly e*-continuous function, then
f s almost e*-continuous.

Proof. Let x be any point of X and V' any open set Y containing f(x).

VeO(Y. f(x)) } = (AU € e O(X, 2))(f[U] € (V)

fis w.e*.c. . .
f is almost e*-open

} = flU] C int(cl(f[U])) C int(cl(V)).

]

Definition 4.13. The e*-frontier [2] of a subset A of X, denoted by e*-Fr(A), is defined by e*-
Fr(A) =e*-cl(A)Ne*~cl(X \ A) = e*-cl(A) \ e*-int(A).

Theorem 4.14. The set of all points x of X at which a function f: (X,7) = (Y,0) is not almost
e*-continuous 1s identical with the union of the e*-frontiers of the inverse images of reqular open sets
containing f(x).

Proof. Let A = {z|f is not a.e*.c. at x}.
re A= fisnot ae.c. at x
= (3V € RO(Y, f(x))(VU € €O(X,z))(f[Ul € V)
= (3V € RO(Y, f(z))(VU € e'O(X,2))(UN (X \ f'[V]) #0)
= (v € fV)(z € e-cl(X\ fTV]) = X \ e™int(f7'[V]))
=z € e*-Fr(f V).

Then we have

Ac|J{e-Fr(f VDIV € RO, f(2)} ..., (4.1)
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r¢ A= fisa.ec atx

Ve RO, () } = (AU € " O(X,2))(U C fY[V])

=z € e*int(fHV])
= a ¢ e-Fr(f[V])
=z ¢ | J{e-Fr(f'[V])|V € RO(Y, f(x))} .

Then we have
U{e-Fr(f VDIV € RO(Y, f(z)} CA... (4.2)

@), @Y = A= U{e -Fr(f~[V])|V € RO(Y, f(x))} .

Definition 4.15. A function f: X — Y is said to be

(1) complementary almost e*-continuous (briefly c.a.e*.c.) if for each regular open set V of Y,
S7HEr(V)] is e*-closed in X, where Fr(V) denotes the frontier of V.

(2) weakly a-continuous (briefly w.a.c.) if for each point z € X and each open set V of Y containing
f(x), there exists U € aO(X, z) such that f[U] C cl(V).

Remark 4.16. We have the following diagram from Definitions [3.1], [4.1] and Theorem [4.3}

e*-continuity — almost e*-continuity — weakly e*-continuity — faintly e*-continuity

/l\

weakly a-continuity

These implications above are not reversible as shown by the following examples.

Example 4.17. Let X = {a,b,c}, 7 = {0, X,{a}, {b},{a,b}}. Define the function f : (X,7) —
(X,7) by f={(a,a),(b,a),(c,b)}. Then f is f.e*.c., but it is not w.e*.c. at point ¢ of X.

Example 4.18. Let X = {a,b,c}, 7 = {0, X, {a}, {b,c}}. Define the function f : (X,7) = (X,7)
by f={(a,b),(b,c),(c,a)}. Then f is w.e*.c., but it is not w.a.c. at point ¢ of X.

Example 4.19. Let X = {a,b,c}, 7 = {0, X,{a}, {b},{a,b}}. Define the function f : (X,7) —
(X,7) by f={(a,c),(b,b),(c,a)}. Then f is both w.e*.c. and c.a.e*.c., but it is not a.e*.c. at point
cof X.

Example 4.20. Let X = {a,b,¢,d}, 7 = {0, X,{a}, {0}, {a,b},{a,c},{a,b,c}}. Define the function
f:(X,7)— (X,7) by f={(a,d),(b,d),(c,c),(d,a)}. Then f is a.e*.c., but it is not e*.c. at point d
of X.

Lemma 4.21. Let X be a topological space and A, B C X. If A is an a-open set and B is an e*-open
set, then AN B is an e*-open set in X.

Proof. Let A € aO(X) and B € ¢*O(X).

A€ a0(X) = A Cint(cl(ints(A)))
B € e*O(X) = B C cl(int(cls(B)))
= AN B C dfint(cl(ints(A))) Nint(cls(B))]

} = AN B Cint(cl(ints(A))) N el(int(cls(B)))
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cllint[el(ints(A)) Nint(cls(B))]]
cllint[cl(ints(A)) Nints(cls(B))]]
cllint[cl(ints(ints(A))) Nints(cls(B))]]

= cl(int(cl(ints(A)) N cls(B)))
C c(int(cl(cls(ints(A) N B))))
C cl(int(cls(cls(AN B))))
C cl(int(cls(AN B))).

Then we have AN B is an e*-open set in X. O

Theorem 4.22. If f : (X,7) — (Y,0) is weakly a-continuous and complementary almost e*-
continuous, then f is almost e*-continuous.

Proof. Let x € X and let V' be a regular open set of Y containing f(x).

' ?(l)s(gafe(aj? (V)] € e C(X) = X\ fHHFr(V)] € eO(X, 1)

A
(z € X)(V € ?(Y, f(z))

1S w.a.c.

} = (3G € aO(X, 2))(f[G] C cl(V))

Lemme 020 17— G (X fUFr(V))) € e O(X, 2))
(flUl C fIGN X\ Fr(V))] cd(V)Nn Y\ Fr(V))=V)
= (U € e O(X,2))(flU] C fIGINFIX\ fHEr(V)]] C (V)N (Y \ Fr(V)) = V).
]

Theorem 4.23. If f : (X,7) — (Y,0) is almost e*-continuous, g : (X,7) — (Y,0) is weakly
a-continuous and Y is Hausdorff, then the set {x|f(x) = g(x)} is e*-closed in X.

Proof. Let A ={z|f(x) =g(x)}.

Y is Hausdorff
= (3U € O(Y, f(2)))(3V € O(Y, g(z))) (int(cl(U)) N cl(V) = 0) }
f is a.e*.c. and g is w.a.c.
= (3G € e*O(X, 2))(f|G] Cint(cl(U)))(IH € aO(X, z))(g[H] C cl(V)) }
W:=GNH
= (AW € ' O(X, 2))(f[W] N g[W] Cint(cl(U)) Necl(V) = ()
= (AW € e O(X,z))(WNA=0)
=z ee-mt(X\A) =X\e-clA)
=z ¢ e*-cl(A).

v¢ A= f(2) # () } = (3U € O(Y, f(2)))(3V € O(Y,g(@)(U NV =0)

Lemma 4.24. Let X and Y be topological spaces. Then the following properties hold:

(a) If G C X and H CY, then cls(G) x cls(H) C cls(G x H),
(b) If G € e*O(X) and H € e*O(Y'), then G x H € e*O(X x Y).



B. S. Ayhan, M. Ozkog, J. Nonlinear Sci. Appl. 9 (2016), 64086423 6421

Proof. (a) It is straightforward.
(b) Let G € e*O(X) and H € e*O(Y).

gy 8?) ) g jfjﬁféﬁfjfﬁiii } = G x H C cl(int(cls(G))) x cl(int(cls(H)))
— cllint[els(G) x cls(H)]) € cl(int(cly(G x H))).
]

Theorem 4.25. If f : (X,7) — (Z,n) is weakly a-continuous, g : (Y,o0) — (Z,n) is almost e*-
continuous and Z is Hausdorff, then the set {(x,y)|f(x) = g(y)} is e*-closed in X X Y.

Proof. Let A= {(z,y)|f(z) = g(y)}-

7 is Hausdorff

= (U € O(Z, f(x)))(FV € O(Z, g(y)))(cl(U) Nint(cl(V))=0) }
fis w.a.c. and g is a.e*.c.

A I T | = U e oz s@))EV € 0z )@Y =0

= (3G € e*O(X, 2))(fIG]C c(U))(3H € e*O(Y,y))(g[H] Cint(cl(V)))(cl(U) Nint(cl(V))=0)
LemmaB 20 (o f e e O(X x Y))(2,y) € G x H C (X x Y\ A)
= (z,y) ¢ e"-cl(A).

[]

Definition 4.26. A space X is said to be e*-Ty [0] if for any distinct points z,y of X, there exist
disjoint e*-open sets U,V of X such that x € U and y € V.

Theorem 4.27. If for each pair of distinct points x and y in a space X, there exists a function f
of X into a Hausdorff space Y such that f(x) # f(y), [ is weakly a-continuous at x and almost
e*-continuous at y, then X is e*-T5.

Proof. Let x,y € X and = # y.

Y is Hausdorft
= (31 € O(Y, f(2)))(3Va € O, f(y)))(cl(V1) Nint(cl(Va)) = 0) }
fisw.a.c. at z and f is a.e*.c. at y
= (AU € e"O(X, 2))(f[Ur] Ccl(V1)) (3 € e*O(X, y))(f[U2] C int(cl(V2)))(cl(V1) Nint(cl(V2)) =0)
= (HUl S G*O(X, I))(HUQ € G*O(X, y))(f[U1 N UQ} C f[Ul] N f[UQ] = @)
= (AU, € e'O(X,2))(AV;3 € " O(X, y))(U1 NU; = 0).

ey € T I b = BV € 0. f@)(EV: € O, S (Vi N =)

]

Definition 4.28. A function f : X — Y has an e*-closed graph if for each (z,y) € (X x Y)\ G(f),
there exist U € e*O(X, z) and an open set V of Y containing y such that [U x (V)] N G(f) = 0.

Lemma 4.29. A function f : X — Y has an e*-closed graph if and only if for each (z,y) € (X

Y)\G(f), there exist U € e*O(X,x) and an open set V of Y containing y such that f[U]Ncl(V) = 0.
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Proof. Necessity. Let (x,y) € (X xY)\ G(f).

S e R ) Y (U € Ot a)(@V € O (U x NG =0

= (U € e*O(X,2))(AV € O, y))(fIU] N el(V) = D).

Sufficiency. Let (z,y) € (X x Y)\ G(f).

(xﬁy;pfﬁéii } = (U € O(X,2))(EAV € O(Y, ) (f[U] N (V) = )

= (U € ' O(X,2))(TV € OY,y))([U x (V)] NG(f) = 0).
O

Theorem 4.30. If f : (X,7) — (Y, 0) is an almost e*-continuous function and Y is Hausdorff, then
f has an e*-closed graph.

Proof. Let (z,y) ¢ G(f).

(@) £ 6U) = v # 1(2) } — (3V € O(Y, f(2))) BW € O(Y.y))(V N W = 0)
)

= 3V e O, f(2))3W € OY,y))(V Necl(W) =0)
= f(z) €Y \ (W) € RO®Y) }
fis a.e*.c.
= (U € e'O(X,x))(flU] C Y \ c(W))
= (U € ' O(X,2))(fIU] N (W) = D).

This shows that f has an e*-closed graph. O]

Corollary 4.31. If f : X — Y s an e*-continuous function and Y is Hausdorff, then f has an
e*-closed graph.
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